The calculation of variance is defined as a objective and increasing function, this definition allows establish the hypotheses to calculate diversified investment portfolios from the dominion of the function. In order to apply these hypotheses our mathematical multi-objective linear model is modified. Diversified portfolios are selected from the stocks of the Prices and Quotations Index of the Mexican Stock Exchange. It is shown with a statistical test using the coefficient of variation that the selected portfolio yields a higher profit at a lower risk.
INTRODUCTION
In the selection of an investment portfolio it is sought the highest profit at the lowest possible risk. For which diverse mathematical models have been elaborated, like the one of Markowitz (1952) and the Capital Asset Pricing Model (CAPM) (Fama and French, 2004) . With base to these models others have been elaborated, (Love, 1979; Subbu et al., 2005; Deng et al., 2010a, b) and like ours, that when assumes the equal correlation to one between each pair of shares is applied (Zavala-Díaz et al., 2011a, b) .
Of the suppositions of the models of Markowitz and CAPM, it is revealed that if investment portfolio is in the area of feasible portfolios in the return-risk plane, then the same portfolio will be in the region of feasible portfolios in the return-variance plane. In addition, when portfolio is not feasible in a model, in the other it is not it either. The relation between both regions is given by the function of the calculation of the variance.
This study proposes to use the relationship between the elements of the feasible regions between the two models, in order to select the investment portfolios with base to the theory of numbers, particularly from the definition of a function. The calculation of the variance is defined by means of the bijective function (Rosen Kenneth, 2007) . In addition, the definition of the increasing function is used to establish the hypotheses for the selection of investment portfolio from the dominion of the function.
In order to apply these hypotheses our mathematical model is modified (Zavala-Díaz et al., 2011a, b) . A factor that forces the model to obtain diversified portfolios is introduced. The modification is necessary because the model can determine an optimal solution with one or two titles. With the modification of the model another optimal solution looks for, but with diversified portfolio. With the modified model an investment portfolio is selected with the shares of the Index of Prices and Quotations (IPQ) of the Mexican Stock-Market (MSM).
The foundations of the models are shown in the second part of this study; additionally, the function is defined. In the third part, the hypotheses are presented by a model that uses only the elements of the domain; the multi-objective linear model is presented and the solution process is briefly described. The description of the process has the objective to indicate in what point is made the modification. In the fourth part, the model is applied to select an investment portfolio with stocks that comprise the IPQ of the MSM. In the fifth part, the statistical test is presented. Finally, in the last section, the conclusions of this study are presented.
FOUNDATIONS
Since the investigation is based on the principles of the models of Markowitz (1952) and CAPM (Fama and French, 2004 ), these briefly are described next.
Markowitz model:
In the Markowitz model, a portfolio is efficient if it has the lowest possible risk for a certain level of profitability. The set of efficient portfolios is estimated by the following parametric quadratic problem (Markowitz, 1952) :
Subject to:
where, where, x i = The matter of the problem and the financial portion of the financial asset I σ p 2 = The variance of portfolio p σ ij = The covariance between the profits of the shares x i and x j ρ ij = The correlation between the profits of the shares x i and x j R p = The profits of the portfolio p and equal to V* V* = A parameter that varies to minimize the risk of the portfolio and obtain the set of proportions x i R i = The average profit of the share I r ij = The incoming of each share i in each period j m = The number of periods considered n = The number of titles Figure 1 shows a diagram of the Pareto frontier, built with efficient portfolios obtained using the Markowitz model. Figure 1 is the solution of the Markowitz's problem, which presents the dominant, or efficient, portfolios. The feasible solutions of the optimization problem are located above this frontier (Coello Coello et al., 2007) . Different multi-objective algorithms solve this optimization problem-mainly the so-called evolutionary algorithms (Branke et al., 2009) .
Capital Asset Pricing Model (CAPM):
The CAPM relies on two statistics that describe financial assets, one of position and another of dispersion (Fama and French, 2004) . The position measure is the average of profits, which provides the profitability of assets during a given period of time. The dispersion measure is the standard deviation of the average earnings of different titles or shares; it measures the risk of financial assets. In this model, the profitability and risk of a portfolio investment are determined by the following equations. Return: (Markowitz, 1952) 
Equation (4) is the same as Eq. (2) of the Markowitz Model, indicating that profitability is determined in the same way. It is also observed that Eq. (1) is the square of Eq. (5). Consequently, because Eq. (1) uses only the positive root of Eq. (5), it is possible set a function between both sets of solutions, i.e., the calculation of the variance. In the CAPM, the sum of financial assets must be equal to 100%, similar to restriction (3) of the Markowitz Model.
In the CAPM, the investment portfolio is formed by allocating percentages of investment to financial assets x i in Eq. (4) and (5). Figure 2 shows the graph of the model solutions.
In Fig. 2 , the set of efficient portfolios is on the curve among the Point a, Point b and Point c. The efficient portfolios that do not integrate risk-free assets are located at Point b and the efficient portfolios that integrate risk-free assets are located at Point T. The portfolios of the problem where the risk-return difference is at the minimum are located at Point b. As a result, it is possible to obtain two optimal solutions in this model: Point T and Point b. The feasible solutions of the problem area are bounded by the abc curve (Ruppert, 2011) .
Establishment of the bijective function:
This fact implies that there is a correspondence from one plane to the other, i.e., from profit-variance to profit-risk and vice versa. Therefore, it is possible to define the existence of a function between these two sets of elements. Each of the points on the variance-profit plane has a corresponding point in the risk-profit plane. (Fama and French, 2004) That is, each of the ordered pairs (R i , ) is related to a pair (R i , σ i ). In the two ordered pairs, the first element is the return and it is calculated in the same way. However, the second element of the ordered pairs is related to the function that calculates the variance with standard deviation.
If the ordered pairs of the feasible region of the CAPM is the domain and ordered pairs of the feasible region of the Markowitz model is the codomain, then the function is denoted by f (
The function definition is. Let A, B and C sets: A = {R i |R i ∈ R and it is the profit of the share i} ∈ and it is the standard deviation of the share ∈ and it is the variance of the share f: AXB→AXC, of ((
The function f is bijective, because for each point in the plane risk-profit will be a point in the plane variance-profit and vice-versa. Also, in f function g is included to calculate the variance, its dominion is the joint B and its co-domain is set C.
Hypothesis:
The assumptions of this study are as follows:
 The profit of portfolio belongs to set (R p  A) and its value is in the range given by the magnitude of the profits of the titles ( ).  The standard deviation of the portfolio belongs to Set B ( ∈ ) and its value is in the range given by the magnitude of the standard deviations of the shares ( ).  The variance of the portfolio belongs to Set C ( ∈ ) and its value is in the range given by the magnitude of the variances of the shares ( ).
 The calculation of the variance function is an increasing function, g is increasing in a if and only if there is a setting of a such that for any x belonging to the environment of a the following is met: ⇒ and ⟹ (Rosen Kenneth, 2007) .
The hypotheses state that the risk of the investment portfolio is one more element of the set of standard deviations and its magnitude is given by the maximum and minimum intervals of the values of the shares.
Hypothesis 3 claims that the g function is an increasing function. This claim implies that if the minimum of the domain is determined, the minimum in the co-domain will also be determined. As a result, for portfolio performance R p the problem can be solved with the values of the domain of g. This claim is contrary to that of other models that seek to optimize the function using different values of the domain to obtain the minimum value in the co-domain.
In arriving at a solution to the problem, the domain perspective has the following advantage: the search space in Set B is linear. For example, movement from the real number 4 to the real number 5 is linear, contrary to the not linear search space of Set C. For example, movement from the real number 4 2 to the real number 5 2 is not linear. The linearity of search space for Set B can be used to raise the problem as one of linear programming.
In order to take advantage of the linearity the problem our model is modified, where the approach of the linear programming problem is multi-objective, maximizes profit and minimizes risk. The approach of this model is shown (Zavala-Díaz et al., 2011a) as follows: (6) Subject to:
(10)
The used nomenclature in Eq. (6) to (11) is the same as used in the models described above. The term Pv i is the sale price of the title i at the close, Pv min is the minimum sale price of the titles considered for the selection of investment portfolio.
The approach of the multi-objective linear model seeks to obtain Point b in the risk-return plane. The variables λ 1 and λ 2 , where 0≤λ 1 , λ 2 ≤1, allow explore feasible solution sets until the optimal solution is reached.
The resolution process is iterative. In each one of the iterations, a linear programming problem is resolved for each new value of λ 1 and λ 2 until the optimal solution is reached (Zavala-Díaz et al., 2011a) . This model determines the Point b portfolio, which can be composed of one, two, or more assets (Zavala-Díaz et al., 2011b) .
Restriction (11) is modified to force the portfolio to be formed by a larger number of shares. The modification consists of changing the value of the upper limits of the variable x i , which is given by the following:
The λ 3 variable begins at a maximum value of 1.0 and its minimum value is determined experimentally. The computational experimentation is necessary for the following reason: For example, if a portfolio consists of 10 assets, the value minimum cannot be 0.01 or 0.1. The first value of all assets would be 0.1 and would not be the 1.0 value of restriction (10); therefore, it is not possible to obtain feasible solutions. For the second value, in the best of cases, all shares will have an asset of 0.1 and the sum of all values will comply with the restriction (10). However, the procedure cannot select a percentage larger or smaller than 0.1 for a share because it ceases to comply with this restriction. This circumstance implies that an optimal solution is not sought. Therefore, to determine the minimum value, it is necessary to carry out computational experiments.
SELECTION OF THE INVESTMENT PORTFOLIO
The Index of Prices and Quotes (IPQ) of the Mexican Stock Market (MSM) is an indicator that expresses the performance of the stock market according to the price changes of a sample that represents the set of stocks listed in the MSM. The IPQ shows the performance and dynamism of the Mexican stock market since 1978; it is reviewed every year and in midJanuary, its assets are known for the next twelve months. The study considers the 62 days of the analyzed period. Table 2 shows the percentages of the performance and risk of 33 shares obtained with the daily closing price.
Brief description of the algorithm used:
The algorithm used to solve the linear multi-objective problem is an iterative process. In each one of the iterations, a linear programming problem with the new values of the magnitude of restrictions (7) and (8) 
At the beginning of the process, the magnitude of  1 and  2 are equal to one-tenth. This increase is first used to reach the region of feasible solutions and subsequently used to reach the upper border of the efficient portfolios. The next step is to determine Point b of the CAPM model, the point at which the portfolios with the optimal risk-return profiles are located. The determination of the optimal point is made by crossing the border to determine the points highest (for the highest return) and farthest to the left (for the lowest risk). These movements in the solution space are made by refining the magnitude of  1 and  2 . The refinement consists of dividing the increase by two whenever a change comes in the direction of the searching of feasible solutions. Dividing the increase by two allows make fine approaches to the point of interest. Up to 20 divisions are used in this study, which gives an approximation of: 9.53674 10 .
In each one of the iterations, a linear programming problem is resolved with the new values of  1 and  2 ;
this is solved using the SIMPLEX method (Taha, 2003) . The optimal solution is obtained when there is no significant variance between two consecutive iterations.
Experimentation:
Considering the values of Table 2 and the refinement of  1 and  2 , the investment portfolios are calculated and shown in Fig. 3 and Table 3 for different values of  3 . It is important to mention that for each value of  3 the optimal solution is obtained.
As is shown in Table 3 and Fig. 3 , with the modification of the algorithm is possible to increase the number of titles of the investment portfolios, two to When  3 = 15% a portfolio with a slightly lower profit and a slightly higher risk than those obtained with  3 = 75% is obtained. These risks and returns are closer to those obtained portfolios with fewer titles. These portfolios determine a key dominant share that is the best of all of the IPQ stocks; in this experiment, the share was the 27 th . When the number of diversified shares is increased, the shares that are included generate a lower risk or higher profit than the dominant share. None of the included assets break this rule, as can be seen in Table 1 and 3. Importantly, it was not possible to obtain investment portfolios with values of  3 lesser than 15%
because no feasible solutions are generated.
Hypothesis testing:
The Coefficient of Variation (CV) is used to verify that the selected portfolios generate higher profits at a lower risk. CV allows compare different datasets with the two statistical parameters that interest, the media (profit) and the standard deviation (risk). The best portfolios are those that have the lowest CVs because the average is the denominator and the standard deviation is the numerator. Therefore, if the denominator is increased and the numerator is decreased, the CV would tend to generate lower values. Table 4 shows the CV of the shares that comprise the IPQ and the portfolios obtained during the analyzed period. Table 4 shows that portfolios with higher CV are those with the smallest difference-Profit Risk and the portfolios with the lowest CV are the ones with the greatest differences. Therefore, proportionally speaking, this coefficient indicates that the best portfolios are those with the lowest risk for a given performance and these are the ones with the lowest CV. Considering the above, then the diversified portfolio is attractive. This finding is consistent with the premise of the other models that diversification produces higher profit and a lower risk. Figure 4 shows the CV of the assets and of the portfolios; this figure proves that the CV of the portfolios is closer to the lower values.
The profit and risk of all of the shares are calculated with the same formula used to compute the return and risk of the 33 assets. Their values are 0.03632 and 1.9372%, respectively. With these values, a CV of the total population of 53.3370 is obtained.
CONCLUSION
We conclude the following from the obtained results.
The approach of the problem of the selection of the portfolio of investment like a function between both models, CAPM y Markowitz, lets resolve it from the domain of the function with a linear multi-objective model.
The introduction of the increasing function allows establish the hypotheses for the calculation of investment portfolio with the elements of the dominion of the function g.
Limiting the percentage of titles makes it possible to calculate optimal solutions with other diversified portfolios.
Performance and risk diversified portfolios are near portfolios that have the best CV.
The coefficient of variation is a good indicator with which to compare different investment portfolios because it is obtained using the two main statistics that define the profitability of an investment portfolio.
